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Abstract This paper introduces a new method for extract-
ing salient features from surfaces that are represented by tri-
angle meshes. Our method extracts salient geometric fea-
ture points in the Laplace–Beltrami spectral domain instead
of usual spatial domains. Simultaneously, a spatial region is
determined as a local support of each feature point, which is
correspondent to the “frequency” where the feature point is
identified. The local shape descriptor of a feature point is the
Laplace–Beltrami spectrum of the spatial region associated
to the points which are stable and distinctive. Our method
leads to the salient spectral geometric features invariant to
spatial transforms such as translation, rotation, and scaling.
The properties of the discrete Laplace–Beltrami operator
make them invariant to isometric deformations and mesh tri-
angulations as well. With the scale information transformed
from the “frequency”, the local supporting region always
maintains the same ratio to the original model no matter
how it is scaled. This means that the spatial region is scale-
invariant as well. Therefore, both global and partial match-
ing can be achieved with these salient feature points. We
demonstrate the effectiveness of our method with many ex-
periments and applications.
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1 Introduction

Shape matching is a fundamental problem in many research
fields, such as computer graphics, vision, image processing,
robotics, and so on. In the recent years, the advancement of
scanning techniques makes it easier and faster to produce
massive 3D surface data. Subsequently, matching, search-
ing, and retrieval for 3D surface shapes is getting increas-
ingly important. However, 3D surfaces have many unique
spatial factors such as translation, rotation, and scaling [12].
Their shape can also be deformed [15]. On the other hand,
because of their efficiency in rendering and storage, triangle
or polygonal meshes are widely used for 3D surface repre-
sentation, but their irregular sampling also brings problems
to analysis. All these issues make 3D surface shape match-
ing a very challenging task, which largely relies on a power-
ful shape representation.

This paper describes a method to represent a shape with
a set of salient features. The shapes are presented with tri-
angle meshes without any pre-process such as normaliza-
tion or alignment. The features are extracted in the Laplace–
Beltrami spectrum domain instead of the shape’s spatial do-
main. As a result, the salient features are invariant to the
spatial translation, rotation, and scaling. They are also in-
variant to isometric deformations, as the Laplace–Beltrami
spectrum is an isometric invariant [20]. Because the discrete
Laplace–Beltrami operator is applied on meshes, the spec-
trum is invariant to the different sampling rates and triangu-
lations of the meshes as well. Our method extracts not only
the location of each feature point but also the “frequency”
where the feature point lies. The “frequency” information
can imply a spatial scale to define a local region supporting
the feature point. Since the spectrum is invariant, the region
is an “absolute” shape, i.e., invariant to those transforma-
tions. We employ the Laplace–Beltrami spectrum again on
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Fig. 1 Matching with salient spectral geometric features. The high-
lighted feature points are extracted in the spectrum domain generated
directly form the triangles meshes. Notice that the two meshes are
different in position, orientation, scale, pose, number of vertices, and

triangulation. Furthermore, the left shape is only a “part” of the whole
model. In order to clearly see the matching result, only some of the
matched points are displayed

the local region to create a descriptor of the corresponding
feature point. This descriptor is stable, invariant, and distinc-
tive. Overall, the salient features are extracted globally and
described and supported locally. They can be used for both
global matching and partial matching. Figure 1 shows an ex-
ample of partial matching with our salient spectral geometry
features.

Our contributions in this paper are summarized as fol-
lows:

– Salient Spectral Geometric Features. We propose a meth-
od to extract salient spectral geometric features in the
spectrum domain which is invariant to Euclidean trans-
formations and isometric deformations. Describing and
matching shapes with their salient features also con-
forms to the procedure of “coarse-to-fine” multiresolution
analysis.

– Local Supports of Salient Features. The features are ex-
tracted with identified local “frequencies” which imply
spatial scales of local support regions defining the fea-
tures. That is to say, each salient feature finds its local
support.

– Applications. The salient spectral features are very stable
and distinctive. The shape representation built upon them
may achieve a higher level of shape description. It can be
easily applied to tasks such as shape corresponding and
shape retrieval.

1.1 Prior work

There are a number of well studied global shape representa-
tions, such as moment [3, 17, 22], extended Gaussian image
[6, 23], shape distribution [8, 18, 19], and shape harmon-
ics [11]. These works showed great power in shape analy-
sis. But matching with these global representations usually
requires the data to be aligned or normalized. It can be de-
termined whether two shapes are similar or not, or how sim-
ilar they are with those global representations. However, it

is difficult to obtain more matching details directly, such as
part level similarity, correspondence or registration. These
global representations also perform poorly in a “part-to-
whole” matching. A part or a sub-shape is always consid-
ered as a quite different shape from its original shape by
these methods. To decide a proper scale of the part to the
whole shape is also a difficult task.

A part-to-whole matching is also considered as partial
matching which is more general than the global one. Par-
tial matching decides if a shape is a part of another one and
where it should be located. It is often applied with match-
ing local features. Gal et al. [4] proposed a partial match-
ing method based on salient local features extracted from
3D surfaces. The salient features are extracted locally with
an area growing algorithm following an empirical formula,
and the descriptors are defined on the quadratic fitted sur-
faces based on the original meshes. There are also more rig-
orous scale space-based methods for extracting salient fea-
tures [7, 13, 26]. Graph-based approach is another important
solution to shape matching. For example, Reeb graph [5]
and skeletal graph [9, 24] represent a shape with a graph,
and turn the matching problem into the graph problem.
A part-to-whole matching can be handled here with sub-
graph searching. However, the graph extracted from a shape
is sensitive to topology. The tiny change of topology may
result in quite different graphs.

In this paper, we analyze shapes based on their spec-
trums. Shape spectrum is a new topic in computer graph-
ics during the recent years. Reuter [20] defined shape spec-
trum as the family of eigenvalues of the Laplace–Beltrami
operator on a manifold, and used it as a global shape
descriptor. Lévy [14] pointed out that Laplace–Beltrami
eigenfunctions are “tools” to understand the geometry of
shapes and discussed the properties of those eigenfunctions
of the Laplace–Beltrami operator. Rustamov [21] proposed
a modified shape distribution base on eigenfunctions and
eigenvalues. Karni and Gotsman [10] used the projections
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of geometry on the eigenfunctions for mesh compression.
The Laplace–Beltrami spectrum is showing more and more
power in shape analysis. It is proved to have many good in-
variant properties [20]. In this paper, we propose to extract
salient geometric features in the domain of spectrum.

2 Salient spectral feature extraction

Given a 3D triangle mesh, we first analyze its Laplacian
spectrum and represent the shape by a set of salient feature
points with scale information in its spectrum. With their as-
sociated scales, local Laplacian spectra are calculated and
assigned as local shape descriptors to the feature points.

2.1 Laplacian shape spectrum

In this section, we will review the theory of the Laplacian
spectrum and describe how to compute it on a triangle mesh.

Let f ∈ C2 be a real function defined on a Riemannian
manifold M . The Laplace–Beltrami operator � is defined as

�f = div(gradf ), (1)

where grad f is the gradient of f and div is the diver-
gence on the manifold [2]. The Laplace–Beltrami operator
is liner differential and can be calculated in local coordi-
nates. Let ψ be a local parametrization of a sub-manifold of
M such that ψ : �n → �n+k , gij = 〈∂iψ, ∂jψ〉, G = (gij ),
W = √

detG, (gij ) = G−1, where i, j = 1,2, . . . , n, 〈, 〉 is
the dot product, and det is the determinant. The Laplace–
Beltrami operator then is defined on the submanifold as

�f = 1

W

∑

i,j

∂i

(
gijW∂jf

)
.

If M ⊂ �2, the Laplace–Beltrami operator reduces to the
Laplacian

�f = ∂2f

(∂x)2
+ ∂2f

(∂y)2
. (2)

Consider the Laplacian eigenvalue equation

�f = −λf, (3)

where λ is a real scalar. The spectrum is defined to be the
eigenvalues arranged increasingly as 0 ≤ λ0 ≤ λ1 ≤ λ2 ≤
· · · ≤ +∞. In the case of a close manifold or an open man-
ifold with a Neumann boundary condition, the first eigen-
value λ0 will always be zero. The spectrum is an isometric
invariant because it only depends on the gradient and diver-
gence which are dependent only on the Riemannian struc-
ture of the manifold. After the normalization of the eigen-
values, shape can be matched regardless of the scales. The

Laplace–Beltrami operator is Hermitian, so the eigenvectors
corresponding to its different eigenvalues are orthogonal:

〈φi,φj 〉 =
∫

M

φiφj = 0, (4)

where i �= j . A given function f on the surface can be ex-
panded as

f = c1φ1 + c2φ2 + c3φ3 + · · · , (5)

where the coefficients are

ci = 〈f,φi〉 =
∫

M

f φi. (6)

Equation (3) can be solved by the finite element me-
thod [20]. In our framework, 3D surface data are discrete tri-
angle meshes. A discrete Laplace–Beltrami operator K [16]
can be applied on the triangle meshes,

K(pi) = 1

2Ai

∑

pj ∈N1(pi)

(cotαij + cotβij )(pi − pj ), (7)

where N1(pi) includes all the vertices, pj , belonging to one
ring neighborhood of a vertex, pi . αij and βij are the two
angles opposite to the edge in the two triangles sharing the
edge i, j , and Ai is the Voronoi region area of pi .

For the whole vertices of a triangle mesh, a Laplace-
Beltrami matrix can be constructed as:

Lij =

⎧
⎪⎨

⎪⎩

− cotαij +cotβij

2Ai
if i, j are adjacent,

∑
k

cotαik+cotβik

2Ai
if i = j ,

0 otherwise,

(8)

where αij , βij , and Ai are the same as in (7) for certain i and
j . Then, the spectrum problem (3) turns into the following
eigenvalue problem:

L�v = λ�v, (9)

where �v is an n-dimensional vector. Each entry of �v repre-
sents the function value at one of n vertices on the mesh. The
equation above can be represented as a generalized eigen-
value problem which is much easier to solve numerically by
constructing a sparse matrix M and a diagonal matrix S such
that

Mij =

⎧
⎪⎨

⎪⎩

− cotαij +cotβij

2 if i, j are adjacent,∑
k

cotαik+cotβik

2 if i = j ,
0 otherwise,

and Sii = Ai . Thus, the Laplace Matrix L is decomposed as
L = S−1M and the generalized eigenvalue problem is pre-
sented as:

M �v = λS�v. (10)
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As defined above, M is symmetric and S is symmetric
positive-definite. All the eigenvalues and eigenvectors are
real, and the eigenvectors corresponding to different eigen-
value are orthogonal in terms of S dot-product:

〈�u, �w〉S = �uT S �w, (11)

where �u and �w are eigenvectors of (10). Then (4), (5) and
(6) can be reduced, respectively, to

〈 �vi, �vj 〉S = 0, i �= j, (12)

�f =
n∑

i=1

�vici, (13)

and

ci = 〈 �f , �vi〉S. (14)

Under this setting, the spectrum, {0, λ1, λ2, λ3, . . . , λn−1},
is the family of eigenvalues of the generalized eigenvalue
problem defined above.

2.2 Salient feature point detection

In this section, we will describe how to extract salient feature
points based on the geometry and eigenfunctions since there
is much shape information in the eigenvalues and eigenfunc-
tions. Figure 2 illustrates some eigenfunctions on the ar-
madillo model. The eigenfunctions contain very symmetric
and meaningful information. Figure 3 shows isometric prop-
erties of eigenfunctions. They are the 5th eigenfunctions on
different meshes. The three meshes are generated from the

Fig. 2 The 2nd, 3rd, 4th, and 10th eigenfunctions on the shape. Red
color indicates larger value while blue color denotes smaller value

Fig. 3 The 5th eigenfunctions on the model with different poses. The
eigenfunctions are isometrically invariant. The three shapes, from left
to right, have 1000, 1500, and 3000 vertices, respectively

same shape with different poses. The sampling rates are also
different. In Fig. 3, (a) has 1,000 vertices, (b) has 1,500,
while (c) has 3,000. We can see that the eigenfunctions are
independent to poses and triangulations.

Consider the geometric reconstruction problem. Let ma-
trix P be the position matrix consisting of the {x, y, z} co-
ordinates of each vertex:

P = [X,Y,Z], (15)

where X = [x1, x2, x3, . . . , xn]T , Y = [y1, y2, y3, . . . , yn]T ,
and Z = [z1, z2, z3, . . . , zn]T are coordinate vectors. Then
the expansion with (13) and (14) can be rewritten in matrix
form as:

P = V CT , (16)

where V is the eigenvector matrix V = [v1, v2, . . . , vn] and
C = P T SV . Let A1−p,1−q denote a sub-matrix consisting
of 1-p rows and 1-q columns of matrix A. Then the first k

eigenfunctions’ reconstruction is represented as:

P(k) = V1−n,1−kC
T
1−3,1−k. (17)

The reconstructed mesh is represented by the coordinate
P(k) with the same connections. Figure 4 shows a recon-
struction process. The eigenfunctions corresponding with
smaller eigenvalues represent lower frequency information.
As more and more eigenfunctions are added up, more de-
tails of the mesh are presented. New salient features come
out with new eigenfunctions, which means that features are
contained by their eigenfunctions within the corresponding
frequencies. We define the geometry energy of a vertex i

corresponding with the kth eigenvalue as:

E(i, k) = ∥∥V (i, k) × C1−3,k

∥∥
2. (18)

We pick the maxima in E as the feature points, which means
more geometry energy is added locally in both spatial and
spectral neighborhood. If E(i, k) is larger than those of its
neighboring vertices within several neighbor frequencies, it
will be picked up as a salient feature point with a scale fac-

tor, sf = 1/

√
λ2

k . Notice that, one vertex may be picked sev-
eral times with different scale factors corresponding with
different eigenvalues. See Fig. 5 for an example.

Fig. 4 Geometric reconstruction with the first 5, 20, 100, and 400
eigenfunctions, respectively



Salient spectral geometric features for shape matching and retrieval

Fig. 5 Geometry energy between neighboring eigenfunction recon-
structions. In this illustrative example, the vertex in the middle of
the one ring neighborhood receives largest geometry energy when
(k + 1)th eigenfunction is added for reconstruction. Thus, it is con-
sidered as a maximum at the “frequency” of λk

2.3 Shape descriptor construction

In previous sections, we have described how feature points
are extracted from an original mesh with scale informa-
tion factors. The next step is to find a local descriptor for
each feature point, which is invariant to translation, rota-
tion, scaling, and isometric deformation, and also distinc-
tive enough for similarity measure. We propose to use the
Laplace–Beltrami spectrum of the spatial local region de-
fined by the identified scale (i.e., the local support of the
corresponding salient feature point). However, most of these
regions are open boundary sub-surfaces and properties of
those eigenfunctions of the Laplace–Beltrami operator. Rus-
tamov [21] mentioned that the Laplace matrix could en-
counter some problems with an open boundary surface. In
order to solve this problem, we attach another surface patch
to the open boundary region patch. The attached patch has
exactly the same shape as the original patch, but opposite
normal at every point. Then, an open boundary path turns
into a water-tight surface, and (10) can be applied on it with-
out any problem.

The algorithmic procedure is as follow: First, a spatial
local patch is extracted by drawing geodesic circle with the
feature point as the center and r × 1/

√
λk as the radius,

where r is a uniform, constant radius factor. Note that, be-
cause of the scaling factor, 1/

√
λk , the shape of the local

patch will remain the same despite the scaling of the mesh.
Then, (10) is applied on the patch to obtain the spectrum
of the patch. Finally, for similarity comparison, the spec-
trum is normalized by a fitting function f (x) = 4π

A
x, x =

1,2, . . . , n, where A is the area of the local patch [20]. Fig-
ure 6 illustrates how to construct a descriptor for a fea-
ture point. The histograms show the spectral values over the
eigenvectors in the local patches. The matching can be per-
formed by comparing the Euclidean distance between two
descriptors.

Fig. 6 The local shape descriptors of the model in (a) are normalized
spectra of local patches as shown in (b)

3 Correspondence and matching

Given a 3D surface, we can now represent it with a set of
salient spectral geometric features. In this section, we pro-
pose a method to build a correspondence between two mod-
els with those features. The correspondence problem can be
described as: If there are two sets of features {pi} and {p′

i′ },
try to find a mapping function φ(·) such that φ(i) = i′. The
similarity between these two models relies on the mapping
function φ. We denote the similarity as

Sim(φ) = Sims(φ) + Simp(φ), (19)

where Sims(φ) is the similarity calculated based on single-
feature-to-single-feature mapping and Simp(φ) based on
cluster-to-cluster mapping. Single-to-singe feature similar-
ity can be based on the Euclidean distances between the
spectrum descriptors. Let f (i) denote the feature vector of
the feature i, then Sims(φ) is defined as

Sims(φ) = ωs

∑

φ(i)=i′
C(i, i′),

C(i, i′) = exp

(‖f (i) − f (i′)‖2

2σ 2
s

)
.

(20)

Cluster-to-cluster feature similarity is based on the relative
geodesic distances and scale factors. Let g(i, j) denote the
absolute geodesic distance between i and j based on the
spatial coordinate and let sf (i) denote the scale factor of i,
then Simp(φ) is defined as

Simp(φ) = ωp

∑

φ(i)=i′,φ(j)=j ′
H(i, j, i′, j ′),

H(i, j, i′, j ′) = exp

(
(dpg(i, j, i

′j ′) + βdps(i, j, i
′j ′))2

2σ 2
p

)
,

(21)
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where dpg is the distance between relative geodesic dis-
tances

dpg(i, j, i
′j ′) =

∣∣∣∣
g(i, j)

sf(i)
− g(i′, j ′)

sf (i′)

∣∣∣∣, (22)

and dps is the distance between scale ratios

dps(i, j, i
′j ′) =

∣∣∣∣ log

(
sf (j)

sf (i)

)
− log

(
sf (j ′)
sf (i′)

)∣∣∣∣. (23)

ωs , σs , ωp , σp , and β are weight scalars. The goal of the
correspondence algorithm is to find certain mapping func-
tion φc which maximizes the similarity Sim(φ). If we define
binary indicators variable x(i, i′) as

x(i, i′) =
{

1 if φ(i) = i′ exists,

0 otherwise,
(24)

then (19) can be represented by an Integer Quadratic Pro-
gramming (IQP) problem as

Sim(x) =
∑

i,i′,j,j ′
H(i, j, i′, j ′)x(i, i′)x(j, j ′)

+
∑

i,i′
C(i, i′)x(i, i′). (25)

We also constrain a one-to-one mapping, which means
one feature in a model cannot be assigned more than one
correspondence in the other model. Consequently, we have∑

i x(i, i′) ≤ 1 and
∑

i′ x(i, i′) ≤ 1. These linear constraints
can be encoded in one row of A and an entry of b. Therefore,
our IQP problem can be formalized in the following matrix
form:

max Sim(x) = x′Hx + Cx subject to Ax ≤ b. (26)

We use the IQP solver proposed by Bemporad et al. [1] to
solve the above optimization problem.

4 Experiments and applications

Salient spectral geometric features: In previous sections,
we have introduced our method for extracting salient spec-
tral geometric features from a surface. Figure 7 shows some
examples of salient feature points. The vertices colored in
red, green and blue colors are feature points extracted in
the spectrum domain with our method. Each mesh in Fig. 7
has 1,000 to 1,500 vertices. In order to find extrema in the
spectrum domain, each vertex is compared with its one-ring
neighbors within three frequencies: the current, the previ-
ous, and the next. The extrema are extracted in the first 100
eigenfunctions. Redder color means the feature is found in a
lower “frequency”, which has large supporting region, while

Fig. 7 Salient feature points extracted in the spectrum domain. Redder
color means the feature is found in a lower “frequency”, which has
a large supporting region, while bluer color corresponds to a higher
“frequency”. The highlighted patches illustrate the local supports for
some of the feature points

bluer color corresponds to higher “frequency”. Only low-
est “frequency” is visualized for a vertex with multi “fre-
quencies”. The highlighted patches illustrate the local sup-
ports for some identified feature points. The experiments
show that the salient features are very stable and invariant
to Euclidean transforms and isometric deformations.

Shape correspondence: A nature application with the
salient features is partial matching. Because each feature
point is found with both the position and the scale factor,
there is a local region to support the feature point. The ratio
of the local support region to the entire surface is indepen-
dent of the scale of the original surface. In our experiments,
the radius constant r is set to be 1.7 and a geodesic circle
patch is approximated with the graph shortest edge path on
the mesh. Then, the spectrum of the local patch is calculated,
and the descriptor consists of the eigenvalues of λ1 to λ21

with normalization. Figures 1 and 8 show some examples
of matching and partial matching. The two meshes in the
matching pairs are different in position, orientation, scale,
pose, and triangulation. Our experiments demonstrated that
the salient features are very powerful in matching of similar
shapes. In Fig. 8(a) and (b) are shapes of the same armadillo
model with different poses. We can see that even poses are
quite different from each other but the correspondences are
stable, even at very detailed levels. Note that the mirrored
matches could happen in our algorithm. Not only the differ-
ent poses from the same model, but also similar shapes can
have correct correspondences, too. Figure 8(c) illustrates a
dog shape corresponding to a horse shape with their similar
features, such as heads, knees, necks, and feet.
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Fig. 8 Examples of matching. (a) and (b) demonstrate correspondence between shapes form the same model with different poses. (c) Shows
correspondence between similar shapes

Fig. 9 Examples of shape retrieval with salient spectral geometric fea-
tures. The 3D shapes at the left-most column are input queries, and
those on the right are the first five retrieved results from the database

Shape retrieval: Another application is 3D shape search-
ing and retrieval in large databases. Not only globally, shape
can also be searched by parts, which leads to a more pow-
erful partial matching. We use SHREC ’07 3D shape data-
base. We extract 10 shapes from each category. Since our
framework extracts stable and distinctive salient spectral
geometric features, the retrieval task is very straightforward
by comparing the matching score of the IQP throughout the
database, and then picking up the best ones as the query out-
puts. Figure 9 shows some results demonstrating the stabil-
ity and accuracy of our retrieval. For the dataset that we use,

Fig. 10 The overall averaged precision/recall graph of our method
on the SHREC datasets and its comparison to the method by Tung et
al. [25]

our method outperforms the reported best result in the latest
SHREC contest [25]. Figure 10 shows the precision/recall
graph.

As we mentioned in the previous sections, another de-
sirable property of the salient spectral geometric features is
their powerful partial representation. Figure 11 shows how
our method performs in retrieving shapes if only a part is
given.

5 Conclusion

We have introduced a novel 3D shape representation with
a set of salient feature points in the Laplace–Beltrami spec-
trum. The spectrum is defined as the family of eigenvalues of
the Laplace–Beltrami operator on a manifold. The eigenval-
ues and eigenfunctions are invariant to translation, rotation,
and scaling. They are also invariant to isometric transforma-
tions. We have introduced how to calculate the spectrum di-
rectly on triangle meshes. The results showed the spectrum
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Fig. 11 Examples of partial shape retrieval with salient spectral geo-
metric features. The shapes at the left-most column are input queries,
and those on the right are the first five retrieved results from the data-
base

relies only on the geometry of the manifold. It is very stable
under Euclidean and isometric transformations and is inde-
pendent of different triangulations. The spectrum energy do-
main is obtained by projecting the geometry onto the eigen-
functions. The salient features are the energy maxima in the
geometry energy domain. The salient features share the nice
properties of the Laplace-Beltrami spectrum. The maxima
provide not only where the features are on the manifold but
also the “frequency” where the features lie in. A scale of
a local region can be determined with the “frequency” to
support a feature point. With the IQP algorithm, correspon-
dences can be built among variant shapes in very detailed
levels. Salient spectral feature point representation is ideal
for fundamental shape matching. Our experiments show its
great power in shape retrieval and searching. Besides global
matching, partial matching is also supported in our frame-
work.

Although our experiments have shown the great power
of salient spectral feature, there can still be some future
work to improve its performance. For example, mirror ef-
fects sometimes affect the accuracies of detailed correspon-
dences. High level clustering and matching algorithms could
be employed to overcome those problems. Also, our current
framework used graph shortest path to approximate the geo-
desic distance when drawing a geodesic circle on the mesh.
The error may be reduced when a more accurate geodesic
algorithm is applied.
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